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Abstract

In this paper, we propose a new approximate method, namely homotopy perturbation natural transform
method (HPNTM) to solve fractional differential equations arising in physics. This method is a
combination of the natural transform method and the homotopy perturbation method. The results reveal
that the method is very effective, simple and can be applied to other physical differential equations. The
fractional derivatives are described in the Caputo sense.
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1. Introduction

The natural transform, initially was defined by Wagar et al. [l as the N - transform, which
studied their properties and applications. Later, Belgacem et al. [> 3 defined its inverse and
studied some additional fundamental properties of this integral transform and named it the
natural transform. Applications of natural transform in the solution of differential and integral
equations and for the distribution and Bohemians spaces can be found in B%. Now, we
mention the following basic definitions of natural transform and its properties are introduced
as follows:

Definition 1.1 [14,
Over the set of functions

A={f(©):3M, 7,7, >0 F(t) |[<Me"™, if te (1) x[0,)|
The natural transform of £ (t)is N[ f (t)] = R(s;u) =j f (ut)edt,u>0,s >0 (1)
0

Where, N[f(t)] is the natural transformation of the time function f(t) and the variables
Uand S are the natural transform variables.

Theorem 1.2: We derives the relationship between Natural and Laplace, Sumudu transform in
successive theorems M as follow:

1- If R(S,u) is natural transform and F(S)is Laplace transform of function f(t)in A,
G(u) is Sumudu transform then,

N[ ()] = R(s:u) =%T F(t)e “dt =%F(§), @)

2. If R(s,u) is natural transform and F(S)is Laplace transform of function f (t)in A then,
G(u) is Sumudu transform of function f (t)in A, then:

N[ f (1)] = R(s;u) = % | f(u?t)etdt _ %G(%) @3

~g~
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3-1f f"(t) is the nth derivative of function f (t) then, its natural transform is given by:

Sn n-1 Sn—(k+l)

N[F"(t)]=R,(s5,u) ==—=R(s,u) = > ———F*(0),n>1 @)
u ~ u

4.1f F(s,u),G(s,u) are the natural transform of respective functions f (t), g(t) both defined in set A then,

N[ *g]=UuF(s,u)G(s,u) (5)

Where f *gis convolution of two functions f and g .

5. 1f N[f(t)] is the natural transform of the function f (t), then the natural transform of fractional derivative of order ¢ is

defined as:
1 ga- (k+1)

N[f(“)(t)]——R(s u) - Z

f(0) (6)

6. Let the function f (t) belongs to set A be multiplied with weight function e then,

N[e*' f (1)]= —— R[-——] (7
S+u s+u
7. Let the function f (at) belongs to set A, where a is non-zero constant then,
1_.s
N[ f (at)]=—R[—,u] ®)
a a

n
8. If w"(t) is given by w" (t) = J;JZ f (t)(dt) dt, then, the natural transform of W" (t) is given by:

n u”
N[w (t)]=S—nR(s,u) )
9. The natural transform of T-periodic function f (t) € Asuchthat f (t+nT) = f (t),n=0,1,2,...is given by:
i 4 1 T _st
N[f(t)]=R(s,u)=[1-e v ] —L e v f(t)dt (10)
u
10. The function f (t) in set A is multiplied with shift functiont” , then,
NJ[t" f(t)]_ g" dd" u"R(s,u) (11)

2 Homotopy perturbation natural transform method (HPNTM)
To illustrate the basic idea of this method, we consider the following nonlinear fractional differential equation:

DU (x,t) + LU (x,t))+ FU (X)) =q(x,t), t>00<a <l (12)
Subject to initial condition:
U (x,0) = f(x)

0
where D" = Py is the fractional Caputo derivative of the function ux.t :

L is the linear differential operator, F is the nonlinear differential operator, and (X,t) is the source term. Now, applying the
natural transform on both sides of (12) we have:

—N[U] iﬂu“’(oHN[LU]JFN[FU] N[q(x,1)] (13)
On S|mpI|fy|ng
N[U]—ﬁajgu(k)(OH [N[LU]+ N[FU]-N[q(x,t)]]=0 (14)

Operating Wlth natural inverse on both sides of (14):
U(xt)=Q(x,t)—N ‘1[l;—a N[LU (x,1))+ FU(x,t)]]. (15)

Where Q(X,1t) represents the term arising from the source term and the prescribed initial conditions. Now, applying the classical
homotopy perturbation technique, the solution can be expressed as a power series in P as given below:

U =3 pU,(x1). (16)
n=0
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where the homotopy parameter P is considered as a small parameter P € 0.1
We can decompose the nonlinear term as:

FU(XH =3 p"H,(U). a7
where H, arZ:;e’s polynomials of U, (X, £),U, (X, £),U,, (X, 1),....1J, (X,t) and it can be calculated by the following formula:
H,U,(x,t),U,(x,1),U,(x,t),...U, (x1)= % ;pnn [F(ii): p‘Ui)]p:O, n=012,... (18)
By substituting (16) and (17) and using HPM we get:

31U, (60 =Q0x0) - PN I NILQ p'U,(,0) (3 BH, U 0 ). (19)

This is coupling of natural transform and homotopy perturbation method using He’s polynomials. By equating the coefficients of
corresponding power of P on both sides, the following approximations are obtained as:

p® 1U,(x,t) = Q(x,1). (20)
priU;(x,t) = —(N‘l[l;—: NILUo(x, 1))+ (Ho (U (x,1)))]). (21)
p*:U,(x 1) =—(N 1[2—: NILU,(x,1))+ (H, U (D)D), (22)
P’ iU, (x,t) =—(N ‘1[:—: NILU, (x 1)+ (H, U X, D)D), (23)

Proceeding in the same manner, the rest of the componentsU | (X,t) can be completely obtained, and the series solution is thus

entirely determined. Finally, we approximate the solution U (X,t) by truncated series.

U(x,t)=|imi U,(xt). (24)

N—o n=0
These series solutions generally converge very rapidly.

3. Applications

3.1 Application 1: Sinh-Gordon equation

Sinh-Gordon equation has wide applications in physics and engineering. It appears for example in integrable quantum field 22,
fluid dynamics I3, non-commutative field theories [, kink dynamics (*>'71) and in many other scientific applications. There is a
growing interest in the study of the sinh-Gordon equation (I*> 15 18-221) dye to the wide applications of sinh-Gordon type equations.

Consider the following time-fractional sinh-Gordon equation

DU —U, +sinh(U)=0; 1<o=2, _ o x<o t>0, (25)
Subject to initial condition:

U (x,0) = 4tanh*(e**)

By applying natural transform on both sides of Eq.(25) subject to initial condition, we have

a a-1 a
NIUT=7 - U (x0T + < INIU,, —sinh(U)]] (26)
u
Operating with natural inverse on both sides of (26) we get:

U (x,t) =4tanh*(e*)+ N -1[‘;—: N[U,-HU)I

Now, applying the classical homotopy perturbation technique, the solution can be expressed as a power series in P as given
below:

U =3 pU,(x1). 27)
n=0

where the homotopy parameter P is considered as a small parameter P € [o.1],
We can decompose the nonlinear term as

FU(XH) =Y p™H,(U). 28)

n=0
where H, are He’s polynomials of U, (X, t),U, (X,t),U,(X,t),....J ,(X,t) and it can be calculated by the following formula:

~ g~
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H, (U (6 1)U (X, 1),U, (X, 1), U, (X 1) = % ;;n [F(i PUDL, (29)

By substituting (28) and (29) and using HPM 271 we get:

> P'U, (1) = 4tanh *(6%) + PN [ N[O, (2 PU, (x D)~ HU)I

This is coupling of natural transform and homotopy perturbation method using He’s polynomials. By equating the coefficients of
corresponding power of P on both sides, the following approximations are obtained as:
p®:U,(x,t) = 4tanh (). (30)

P2, (.8) = N[ NIUs, ~Sinh(U, )T
ta

2 . 3kx 2 A kx
ke + Ak sinh[4tanh(e*)]]— 31)
1—e™) Tz +1)

U, (x,)=I[

p? U, (x 1) = Nl[‘;—Z N[U,,, ~U,sinh(U,)]],

92k *e3* + 92k *e® + 4k ‘e + 4k‘e™ | s Ake®
u, =[[ = —sinh[4tanh ™ (e* )]1_ezkx
2 A kx 2 A 3kx 2 A 3kx 2 A kx
_ coshf4 tanh* (%] 2 (i_;‘k‘f)f —4k8_e’:kf')‘2€ sinh[4 tanh (€] 32)
2a
+sinh?[4tanh ™ (€%)]]—\—
I'2a +1)

The approximate solution of Eq. (25) in the series form given by[See figure 1]:

Ut

(d)

Fig 1: The surface plot of the approximate solution U (X, t) of application 1 when (a) & =1.75, (b) @ =1.95, (c) @ = 2 which is the
exact solution, and plot2D of real part of U (X,t) versus tat x =1 for different values ofaand comparison the results with the exact solution as
shown in (d).
~gn~
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2 ~3kx 2 Akx a
U(xt) = 4tanh (%) + [ KT 4K€  Ginn[4tanh(e*)]]— L+
2kx\ 2
(1—e™) T(a+1)
02k * % + 92k *e®* 4+ 4k ‘e + 4k ™™ . Ake®
—sinh[4tanh ™ (e**
[[ (1_e2kx)4 [ ( )]1_e2kx
2 A kx 2 o 3kx 2 o 3kx 2 ~kx
_ coshfatanh ()] 2 g_zzka)f X (i—et:; € sinh[4tanh ()] (33)
2a
+sinh?[4tanh(€)]]—— +
I'2a+1)

3.2 Application 2: Sharma-Tasso-Olver equation

The nonlinear fractional Sharma-Tasso-Oliver equation is a Korteweg-de Vries-like equation, many physicists and
mathematicians have considered it in recent years due to its appearance in scientific applications. The Sharma-Tasso-Olver
equation plays an important role in describing the nonlinear wave phenomena. Exact solutions for it with different forms can
describe different nonlinear waves. The solution of nonlinear fractional Sharma-Tasso-Olver equation is much involved. In
general, there exists no method that yields an exact solution for a nonlinear fractional evolution equation. Only approximate
solutions can be derived using the techniques of nonlinear analysis, such as a domian decomposition method (Saha Ray S. et al.
2005), homotopy analysis method (Cang J. et al. 2009; Liao A S. 1992) and etc. 34,

DU (x,t) +§a(U ), +alU?®), +au,,  =00<a<Lt<0 (34)

where @ is a real parameter, @ is a parameter describing the order of fractional time derivative, U (X, t) is an unknown function

depending on temporal variable t and spatial variable X .
Subject to the initial condition:

U (x,0)= \/gtanh(\/gx) (35)

where the exact solution of the Sharma-Tasso—Olver equation with & = Lis given by

U (x,0) = \E tanh(\/g (x—1)) (36)

As the previous application, by applying HPNTM method we have

U,(x,t) = \Etanh(\/gx) @37)
1

v

Ul(x,t)=—gsech2( éx) T+ (38)
U, (xt) = —(1)3sech2(\/ix) tanh( lx)[(_—lz[sech“(\ﬁx) _2sec hz(\/Ix) tanhz(\/Ix)])+
a a a a a a a (39)

12 |1 1 ., |1 t2*
(Tsech (\/;x)tanh(\/;x))+(8—24sech (\/;x))]m,...

a2
The approximate solution of Eq.(25) in the series form given by[See figure 2]:

~10~
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Fig 2: The surface plot of the approximate solution U (X, t) of application 2 when () @ = 0.75, (b) & = 0.95, (c) @ = L1which is the

exact solution, and plot2D of U (X, t) versus tat x =5 for different values ofaand comparison the results with the exact solution as shown in

().
U(x,t):\/Itanh(\/Ix)—isechz( EX)L—(E)isechz(\/Ix)tanh( Ex)
a a a a I'a+l) 'a a a
[(_—12[sech“(\/Ix)—Zsechz(\/Ix)tanhz(\/Ix)])Jr (40)
a a a a

12 2 1 1 ) 1 t2a
(=T sech (\/;x) tanh(\/;x)) +(8—24sech (\/;x))]m ¥

aZ

4. Conclusion

HPNTM has been utilized to derive the approximate analytical solutions for nonlinear fractional sinh-Gorden equation and
fractional Sharma-Tasso-Olver equation. The method gives more realistic series solutions that converge very rapidly in physical
problems. To demonstrate the validity of the proposed method, numerical results have been obtained which shows that the
HPNTM strength lays in its ease of use and the possibility of using it as a tool to acquire approximate solutions of nonlinear
fractional differential equation with excellent accuracy. Generally speaking, the proposed method is promising and applicable to a
broad class of linear and nonlinear problems in the theory of fractional calculus.
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