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Abstract

The aim of this paper is to obtain the general solution of a radical functional equation of the form
s(x+y+ 2\/x_y) =s(x) +s®)

and investigate its generalized Hyers-Ulam-Rassias stability. Further, we extend the results pertinent to

D.H. Hyers, Th.M. Rassias and J.M. Rassias. We also provide counter-examples for critical values

relevant to Hyers-Ulam-Rassias stability, Ulam-Gavruta-Rassias stability and J.M. Rassias stability

controlled by mixed product-sum of powers of norms.
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1. Introduction

The stability of functional equations is an interesting topic that has been dealt for the last six
decades. In mathematics, a stipulation in which a slight disturbance in a system does not create
a considerable disturbing consequence on that system. An equation is said to be stable if a
slightly different solution is close to the exact solution of that equation. In mathematical
models of physical problems, the deviations in measurements will result with errors and these
deviations can be dealt with the stability of equations. Hence the stability of equations is
essential in mathematical models. A stable solution will be sensible in spite of such deviations.
An interesting and eminent talk given by S.M. Ulam [ in 1940, inspired to study the
investigation of stability of functional equations. He posed the following question pertaining to
the stability of homomorphisms in groups:

Let X be a group and Y be a metric group with metric d(:,). Given € = 0 does there exist a
& = 0 such that if a function f: X - Y fulfills d(f (xy), f(x)f(y) < & for all x,y € X, then
there exists a homomorphism g: X - Y with d(f(x), g(x)) < e forall x € X?

If the answer is confirmative, then the functional equation for homomorphism is said to be
stable. The foremost answer to the question of S.M. Ulam was provided by D.H. Hyers 2, He
brilliantly answered the question of Ulam by considering X’ and Y as Banach spaces. The
result of Hyers is stated in the following celebrated theorem. The stability resulted provided by
Hyers in the following theorem is referred as Hyers-Ulam stability.

Theorem 1.1. (D.H. Hyers )Let f: X' — Y be a mapping between Banach spaces such that
Ifx+y)=fC)=fOII<é (1.1)

for all x,y € X and for some 6 > 0, then the limit
A(x) = lim 27" f(27™x) (1.2)
n—oo
exists for each x € X. Then there exist a unique additive mapping A: X — Y such that

If () =AMl < 6 (1.3)

for all x € X. In addition if f(tx) is continuous in t for each fixed x € X, then A is linear.
~g~
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After Hyers gave a positive answer to Ulam’s question, a
huge number of papers have been published in association
with various simplifications of Ulam’s problem and Hyers
theorem. Hyers theorem was generalized by T. Aoki M in
1950 for additive mappings.

Since there is no elucidation for the boundedness of Cauchy
difference f(x + y) — f(x) — f(»)in the expression of (1.1),
in the year 1978, Th.M. Rassias [ tried to weaken the
stipulation for the Cauchy difference and thrived in proving
what is how known to be the Hyers-Ulam-Rassias stability for
the Additive Cauchy Equation. This jargon is reasonable
because the theorem of Th.M. Rassias has strongly persuaded
many mathematicians studying stability problems of
functional equation.

During 1982-1989, J.M. Rassias (1®-2%) provided a further
generalization of the result of D.H. Hyers and established a
theorem using weaker conditions controlled by a product of
different powers of norms and this type of stability is termed
as Ulam-Gavruta-Rassias stability.

A generalized and modified form of the theorem evolved by
Th.M. Rassias was promoted by P. Gavruta % who replaced
the unbounded Cauchy difference by motivating into study a
general control function within the viable approach designed
by Th.M. Rassias and this type of stability is celebrated as
Generalized Hyers-Ulam stability.

The investigation of stability of functional equations
involving with the mixed type product-sum of powers of
norms is introduced by K. Ravi et al.[?% is called J.M. Rassias
stability controlled by mixed product-sum of powers of
norms.

For the last four decades, many mathematicians have
investigated various stability results of several functional
equations like additive, quadratic, cubic, quartic, quintic,
sextic, septic, octic and nonic, functional equations (refer >+
[7. 8 14,16, 17, 21, 22, 29, 301} There are many interesting results
concerning this problem and many research monographs are
also available in functional equations, one can see (&> & 1315
27])_

K. Ravi and P. Narasimman 4 obtained the generalized

Hyers-Ulam stability of a radical reciprocal-quadratic
functional equation
2 2) — FOIf )
F*2+y%) = o (14)

in Banach spaces. The reciprocal-quadratic function f(x) =
xc—z is a solution of the functional equation (1.4).

K. Ravi et al. ! investigated the generalized Hyers-Ulam
stability of a generalized radical-quadrtic functional equation

F(E55) £ mp (V5 97) =

in Felbin’s type fuzzy normed linear spaces.
In this paper, we introduce a new radical type functional
equation of the form

+m) fFGf»)

FCO+f () (1.5)

s(x +y+ 2\/5) =s(x) + s(y). (1.6)

The radical function s(x) = v/x is a solution of the functional
equation (1.6). We achieve the general solution of the
functional equation (1.6) and investigate its generalized
Hyers-Ulam stability, Hyers-Ulam stability, Hyers-Ulam-
Rassias stability, Ulam-Gavruta-Rassias stability and J.M.
Rassias stability controlled by mixed product-sum of powers

~g~

of norms. We also prove that the functional equation (1.6) is
not stable for critical values associated with the results of
Th.M. Rassias and J.M. Rassias via counter-examples.
Throughout this paper, let us assume that X be the space of
non-negative real numbers.

2. Preliminaries
In this section, we introduce the following definition and
theorem in order to proceed further to our main results.

Definition 2.1. A mapping s: X — R is called square root
mapping, if the functional equation (1.6) holds for all x,y €
X. Note that the mapping s is called square root mapping
because the following algebraic identity

x+y+2/xy=vx+.ly
holds for all x, y € X and s satisfies the functional equations
s(22"x) = 2"s(x) (2.1)
and
s(272"x) = 27"s(x)
forall x € X andn € N.

(2.2)

Theorem 2.2. Let s: X — R be a square root mapping
satisfying (1.6). Then s satisfies the general functional
equations (2.1) and (2.2) for all x € X andn € N.

Proof. Letting x = 0 and y = 0 in (1.6), we obtain s(0) = 0.
Plugging (x,y) in (x, x) in (1.6), one finds

s(2%x) = 2s(x) (2.3)

for all x € X. Now, replacing x by 4x in (2.3), one obtains

s(2%x) = 2%5(x) (2.4)
for all x € X. Again replacing x by 4x in (2.3), we get
s(2%x) = 23s(x), for all x € X. Proceeding further and using
induction on a positive integer n, we achive (2.1). Next,

considering (x, y) as (Ez) in (1.6), one obtains

s(27%x) = 271s(x) (2.5)

for all xe€X. Now, letting x as % in (2.6), we

obtains(27%x) = 273s(x), for all x € X. Proceeding further
and using induction on a positive integer n, we obtain (2.2),
which completes the proof.

3. General Solution of Functional Equation (1.6)
In this section, we obtain the general solution of functional
equation (1.6) in the setting of space of real numbers.

Theorem 3.1. A mapping f: X — R satisfies (1.6) if and only
if there exists an identity mapping I: X — R such that

fl) =10,

Proof. Let f satisfy equation (1.6). Then f is a square root

mapping and f(x) = vx, for all x € X. If I is an identity
mapping, then

forall x € X.

JIX) =+vx = f(x), forall x € X.
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Conversely, assume that there exists an identity mapping
I:X > Rsuch that f(x) = /I(x), for all x € X. Hence

f(x+y+2\/x_y)=\/1(x+y+2\/x_y)

fx+y+2\/x_y

(Vx+7)
=\/E+\/—,forallx,yEX,

which completes the proof of Theorem 3.1.

4. Generalized Hyers-Ulam Stability of Equation (1.6)

In this section, we investigate the generalized Hyers-Ulam
stability of the functional equation (1.6) in the setting of space
of real numbers. We also extend the stability results in the
spirit of Hyers, Th.M. Rassias and J.M. Rassias.

Theorem 4.1. Let ¢p: X X X — R be a mapping satisfying

D(x,y) = L2 77 $(4'x, 4'y) < o0 (4.2)
forall x,y € X. Let f: X — R be a mapping such that
[f(x +y +2Jxy) = fC) = FD)| < D (x,) (4.2)

for all x,y € X. Then there exists a unique square root
mapping s: X — R which satisfies (1.6) and the inequality

If () —s(x)| < P(x,x) (4.3)
for all x € X. The mapping s(x) is defined by
s(x) = lim = f(4"x) (4.4)

forall x € X and n € N.
Proof. Plugging (x,y) into (x,x) in (4.2) and dividing by 2,
we obtain

S0 - F@| <3000 (45)
for all x € X. Now, replacing x by 4x in (4.5), dividing by 2

and summing the resulting inequality with (4.5), one finds

1
1
(0~ f(] £ Y o p@ix4i)

i=0

21+1

for all x € X. Using induction arguments, we conclude that

S P (4x, 4'x)

S @) — (0| < Zl
i=0

< T2 5m d(4'x,4'x) (4.6)
for all x € X. In order to prove the convergence of the
sequence {27"f(4™x)}, replace x by 4™x in (4.6) and
multiply by 27™, we find that forn > m > 0
|27 f (47x) — 27 (4 )|

=27"f(4Mx) - 27 (4T |

~g~

1
—E 2 02m+1¢(4m+lx 4m+l )

- 0asm — oo,

This shows that the sequence {27"f(4™x)} is a Cauchy
sequence. Allow n — oo in (4.6), we arrive at (4.3). To show
that s satisfies (1.6), replacing (x,y) by (4™x,4"y) in (4.2)
and multiplying by 27", we obtain

2 |f (47(x + y + 2J7)) - F(4™0) — F(4"y)|

<27"¢p(4"x,4"y) 4.7
for all x,y € X. Allowing n — o in (4.7), we see that s
satisfies (1.6) for all x,y € X. To prove s is unique square
root mapping satisfying (1.6), let us assume s’: X - R be
another square root mapping which satisfies (1.6) and the
inequality (4.3). Clearly s’ and s satisfy (2.1) and using (4.3),
we have

Is"(x) —s(0)| = 27"|s"(4"x) — s(4"x)|
< 27(s'(d™x) — (4™ + If (4™x) — s(4™x)])

< 2o P4 x, 47 x) (4.8)

for all x € X. Allowing n - o in (4.8) and using (4.1), we
find that s is unique. This completes the proof of Theorem
4.1.

Theorem 4.2. Let ¢p: X X X — R be a mapping satisfying

[oe]

. x y
O@y) = ) 29 (5. 7) <

i=0

for all x,y € X. Let f: X - R be a mapping such that (4.2)
holds for all x,y € X. Then there exists a unique square root
mapping s: X — R which satisfies (1.6) and the inequality

[f(x) —s(x)] < P(x,x)
for all x € X. The mapping s(x) is defined by
s(x) = lim 2™"f (4™ "x)
n—-oo
forallx € Xandn € N.

Proof. Plugging (x, y) into Gz) in (4.2), one finds

fo-z @0l w9

for all x € X. Now, replacing x by% in (4.9), multiplying by 2
and summing the resulting inequality with (4.9), one gets

1

)I=2 2(

=0

reo - 2f (5 )

for all x € X. Proceeding further and using induction on a
positive integer n, we conclude that
n—-1

) =20 < ) 2 (S 7o)
i=0
<XZo2'¢ (41'%'41'%)
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for all x € X. The rest of the proof is obtained by similar
arguments as in Theorem 4.1.

Corollary 4.3. Let f: X — R be a mapping for which there

exists a constant ¢ = 0, independent of x,y such that the
functional inequality

Ifx+y+2xy) = fC)—fF)| <c

holds for x,y € X. Then s: X — R defined by
1
s(x) = lim 2—ﬂf(4_”x)

is a square root mapping satisfying the functional equation
(1.6) and

If(x) —s)|<c
forall x € X andn € N.

Proof. Taking ¢(x,y) = ¢, for all x,y € X in Theorem 4.1,
we get ¢ (x, x) = c. From (4.3), one finds

o 1
) =5l <5 ) <

forall x € X.

Corollary 4.4. Let ¢; = 0 be fixed and p # % If a mapping
f:X — R satisfies the inequality

If(x+y+2xy) = F() = FO| < i (IxIP + yIP)

for all x,y € X, then there exists a unique square root
mapping s: X — R satisfying the functional equation (1.6) and

If(x) — s(x)| < =—=|x|, forall x € X.

|2 4p|

Proof. Considering ¢(x,y) = ¢, (|x|? + |y|?), for all x,y €
X in Theorems 4.1 and 4.2, we arrive at the required results.

Corollary 4.5. Let f: X - R be a mapping. If there exist
ab:p=a+b i%and ¢, = 0 such that

If(x+y+2/xy) = fC) = FO)| < colx|®lyl®

for all x,y € X, then there exists a unique square root
mapping s: X - R

|x|P forall x € X.

If G = sl <;

Proof. The proof is obtained by letting ¢ (x,y) = c,|x|*|y|?,
forall x,y € X in Theorems 4.1 and 4.2.

Corollary 4.6. Let f: X - R be a mapping. If there exist c; >
0 anda > 0 with @ # isuch that
(e +y +2xy) = ) = FO)|

< ca(Ix1ly1% + (x> + |y[*))

~g~

for all x,y € X, then there exists a unique square root
mapping s: X — R satisfying the functional equation (1.6) and
the inequality

— 2a
[f(x) —sx)| < i 42a| |x|** forall x € X.
Proof. By choosing  ¢(x,y) = cs(Ix|*|y|* + (|x|** +
|y|2“)), forall x,y € X in Theorems 4.1 and 4.2, the proof is
obtained.

5. Counter-Examples for Singular Cases
In this section, we present counter-examples to prove that the
functional equation (1.6) isnot stable for singular cases in
Corollaries 4.4, 4.5 and 4.6.
Using the idea of Z. Gajda [, we construct the following
counter-example to prove that the Corollary 4.4 is false for

1

p=3

Define a mapping f: X — R by

f) = B, 2 (5.1)
for all x € X, where the function ¢: X — R is given by
_ ux, forall x,y € (0,1)
() { 1, otherwise. (5.2)

Then the function f serves as a counter-example for p = % as
presented in the following theorem.

Theorem 5.1. The mapping f defined above satisfies

If(x +y +2/a7) = £ = FO)] < 121 (Ixfz + Iy[2)(5.3)

for all x,y € X. Therefore there do not exist a square root
mapping s: X — R and a constant 8 > 0 such that

IF@) — s()| < Blxfz (5.4)
forall x € X.
Proof.  If ()l < B 28 < 3 (1 -7

2u. Hence f is bounded by 2u. If |x|z + Iylz > 5, then the
left-hand side of (5.3) is less than 6u. Now, suppose that0 <

1 1
[x|z + |ylz < % Then there exists a positive integer k such
that

< |x|2 + |y|2 <% (5.5)

2k+1

1 1
Hence |x|z + |y|z < i = implies

42|x|2 + 42|y|2 <1

or 42x2+42y2 <1
k-1 1 1 k-1 1 1
or dzxz<c,42y2 <2

and consequently
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451 (x), 451 (y), 4% (x + y + 2,/xy) € (0,1).

Therefore, for each value of n = 0,1,2, ..., k — 1, we obtain

4"(x), 4" (), 4™ (x + y + 2\/xy) € (0,1)
and ¢ (4"(x +y+ ZM)) —p@™x) —pA"y) =0

forn=10,1,2,...,
we obtain

k — 1. Using (5.5) and the definition of f,

|f(§o +y+2xy) - ) = fFO)]
1
< Z}Z—n|(p (4"(x +y+ 2\/x_y)) -

= ;{zln |0 (47 (x +y + 2/x)) — 0(4"x) — p(4"))|

[ee)
3u
on
n=k
12u
2k+1 =

p(4"x) — p(47))|

<

< 2ot < 12u 1l + Iy,

Therefore, the inequality (5.3) holds true. We claim that the
square root functional equation (1.6) is not stable for p = % in
Corollary 4.4.

Assume that there exists a square root mapping s: X — R

satisfying (5.4). Therefore, we have

IF@) < (B + Dlxfa. (5.6)

However, we can choose a positive integer m with mu > g +

1. If x€(0,4™™), then 4"x € (0,1) for all n=
0,1,2,...,m — 1 and therefore
N P@) N 2R
rel= > Z = x> (8 + DV
n=0 n=0

which contradicts (5.6). Therefore, the square root functional
equation (1.6) is not stable for p = % in Corollary 4.4.

The following example illustrates that the functional equation
(1.6) isnot stablewhenp =a+ b = % in Corollary 4.5.
Inspired by the counter-example provided by P. Gavruta in

(11 we present the following example which establishes that

the Corollary 4.5 is false forp = a+ b = %

Define a mapping f: X — R by
fOx) = {\/}lnlxl ifx#0

0if x=0. 6.7)

Then the function f defined in (5.7) turns out to be a counter-
example for p = %as proved in the following theorem.

Theorem 5.2. Let a be such that 0 < a < % Then there is a

function f: X — R and a constant ¢, = 0 satisfying

F(x +y +20%9) — £ — FO)] < ooyl G (5.8)

forall x,y € X and

~10~

If () —s ()|

w1

(5.9)

SUDxx0

for every square root mapping s: X - R.
Proof. From the relation (5.9), it follows that

lf (x) = s(x)| lf () —s(m)|

Vx Vn
Vnln|n|-Vns(1)

Vn
SupneN,n¢0|1n|n| = s(D)] = oo.
We have prove (5.8) is true.

> su

SUPxx0 neN,n+0

= SuanN,n::O

Case 1. If x =y = 0in (5.8), then
If(0) = £(0) = f(O)| = |f(O)] = 0.

Case 2. If x,y > 0, then the left-hand side of (5.8) becomes

If (x +y+2xy) = () = )]

=( /x+y+2\/ﬁ>ln(x+y+2\/ﬁ)

—VxIn(x) — \/yIn(y)
= (Wx+y)In(x +y + 2\/xy) = VxIn(x) — [y In(y)
(A2 (2

—\/_1n<1+ +2\D+\/—ln(1+ +2f)

We have to prove that there exists a constant ¢, > 0 such that

y y X X
\/Eln<1+x+2\/;>+\/§ln 1+y+2j;

E)
< ol Iyl (5.10)

for all x,y > 0. With ’;’ = t, the inequality (5.10) is equivalent
to the inequality

1 1 2
——In(1+¢t+2t +taln(1+—+—>
™ ) eV
<t >0. (5.11)
By using L’ Hospital rule,

B t*(2 ++/t)

=-lim————==
at—>0t+2\/_+1
t(2+\/—)

a t—yoo t+2VE+1

limt®1 <1+1+2
imeein (144 7) =

and tli_)rgt“ln(1+ + )

and since the function

1 2
t—>ta11’1<1+?+—

7

is continuous on (0, ), it follows that there is a constant
¢, = ¢, (a) > 0 such that

toin (147 + %) <c,t>0. (5.12)

If we replace t by 1?and a by G - a) in (5.12), it follows that
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%ln(l +t+2Vt) < ¢, (l— a),t >0. (5.13)
t(f_a) 2
From (5.12) and (5.13), we conclude that

1 a 1,2
t(%—_a)ln(l-i-t—i-Z\/f)-i-t In(1+7+2)<2

That is, (5.11) holds and hence (5.8) holds.
In order to show that the functional equation (1.6) is not stable

if a =i in Corollary 4.6, consider the functions f and ¢
defined in (5.1) and (5.2) respectively. Then the function f
defined in (5.1) becomes a counter-example for « =% as
presented in the following theorem.

2< ¢

t>0.

Theorem 5.3. The mapping f defined in (5.1) satisfies the
inequality

f(x+y +2/xy) = f@) = f )
< 12p (|x|%|y|% + (Il + |y|%)) (514)

for all x,y € X. Therefore there do not exist a square root
mapping s: X — R and a constant 8 > 0 such that

IF () — sl < Blxz (5.15)

forall x € X.

w lo@amx) o n!
Proof.|f(x)] < By LA < Tio = 1 (1-3)

Hence f is bounded by 2u. If (IXI%M% + (IxI% + IyI%)> >-

= 2u.

then the left-hand side of (5.14) is less than 6u. Now, suppose
1 1 1 1

that 0 < (|x|Z|y|Z + (|x|z + |y|5)> < 3. Then there exists a

positive integer k such that

i < [xfslyfs + (|x|z +yE) <& (516)
1
Hence [x[+[y[s + (|x|z +1y12)
1 1 1 1
2%)xfalyls + 2% (Ix[z + Iylz) < 1
k 1 1 k 1 k 1
4xlxclilyls + (43l +42y1E) < 1

< z_k implies

or
ko1 ko1 ko1 ko1
or 44|x|444|y|4 + (4z|x|z+4z|y|z) <1
k 1
or 44x4 <1, 44y4 < 1,42xz, 42y2 <1
k-1 1 k-1 1 k-1 1 1 k-1 1 1
or 44x4<\/_,44y4<\/_,42x2< 42y2<—

and consequently

451 (x), 451 (y), 41 (x + y + 2,/xy) € (0,1).

Therefore, for each value of n = 0,1,2, ..., k — 1, we obtain

4™(x), 4”(y),4”(x +y+ 2\/x_y) € (0,1)
and ¢ (4”(x +y+ 2\/x_y)) —p(@™x) —p@"y) =0
forn =0,1,2, ...,k — 1. Using (5.16) and the definition of f,
we obtain

lf(x+y+2xy) = f() = fO)|

~11~

i1 1 1
u( Ixlalyls + (12 + 1y12) ).

Therefore, the inequality (5.14) holds true. The rest of the
proof is similar to that of Theorem 5.1.

6. Conclusion

Thus we have obtained the general solution and proved the
Ulam stability of the functional equation (1.6) pertinent to
D.H. Hyers, Th.M. Rassias, J.M. Rassias and P. Gavruta.
Further, we have shown that the functional equation (1.6) is
not stable for singular cases by illustrating counter-examples.

References

1. Aoki T. On the stability of the linear transformation in
Banach spaces, J. Math. Soc. Japan. 1950; 2:64-66.

Bae JH, Jun KW. On the generalized Hyers-Ulam-
Rassias stability of quadratic functional equation, Bull.
Koeran. Math. Soc. 2001; 38:325-336.

Chang IS, Kim HM. On the Hyers-Ulam stability of
quadratic functional equations, J. Ineq. Appl. Math. 2002;
33:1-12.

Chang IS, Lee EH, Kim HM. On Hyers-Ulam-Rassias
stability of a quadratic functional equation, Math.
Inequal. Appl. 2003; 6:87-95.

Cholewa PW. Remarks on the stability of functional
equations, Aequationes Math. 1984; 27:76-86.
Christopher G. Small, Functional Equations and How to
solve them, Springer International Edition, 2011.
Czerwik S. On the stability of the quadratic mapping in
normed spaces, Abh. Math. Sem.Univ. Harmburg. 1992;
62:59-64.

Erami A. Hyers-Ulam-Rassias stability of a cubic
functional equation in RN-spaces: A direct method, Appl.
Math. Sci. 2012; 6(35):1719-1725.

Gajda Z. On the stability of additive mappings, Int. J.
Math. Math. Sci. 1991; 14:431-434.

Gavruta P. A generalization of the Hyers-Ulam-Rassias
stability of approximately additive mappings, J. Math.
Anal. Appl. 1994; 184:431-436.

Gavruta P. An answer to a question of John M. Rassias
concerning the stability of Cauchy equation, Hadronic
Math. Ser, 1999, 67-71.

Hyers DH. On the stability of the linear functional
equation, Proc. Natl. Acad. Sci. 1941; 27:222-224.

Hyers DH, Isac G, Rassias TM, Stability of Functional
Equations in Several Variables, Birkhauser, Basel, 1998.
Jun KW, Kim HM. The generalized Hyers-Ulam-Rassias
stability of a cubic functional equation, J. Math. Anal.
Appl. 2002; 274:867-878.

Kuczma M. An Introduction to the Theory of Functional
Equations and Inequalities, Panstwowe Wydawnictwo
Naukowe - Uniwersytet Slaski, Warszawa-Krakow-
Katowice, 1985.

Kumar M, Chugh R, Ashish. Hyers-Ulam-Rassias
stability of quadratic functional equations in 2-Banach
spaces, Int. J. Comp. Appl. 2013; 63(8):1-4.

2.

10.

11.

12.

13.

14.

15.

16.



International Journal of Statistics and Applied Mathematics

17.

18

19.

20.

21.

22.

23.

24,

25.

26.

217.

28.

29.

30.

Lee SH, Im SM, Hwang IS. Quartic functional equations,
J. Math. Anal. Appl.2005; 307:387-394.

. Rassias JM. On approximately of approximately linear
mappings by linear mappings, J. Funct. Anal. USA. 1982;
46:126-130.

Rassias JM. On a new approximation of approximately
linear mappings by linear mappings, Discuss. Math.
1985; 7:193-196.

Rassias JM. Solution of problem of Ulam, J. Approx.
Theory, USA.1989; 57(3):268-273.

Rassias JM. Solution of the Ulam stability problem for
quartic  mappings, Glasnik  Mathematik.  1999;
34(54):243-252.

Rassias JM, Mohammad Eslamian. Fixed points and
stability of nonic functionalequation in quasi-£-normed
spaces, Contemporary Anal. Appl. Math. 2015; 3(2):293-
309.

Ravi K, Arunkumar M, Rassias JM. Ulam stability for
the orthogonally general Euler-Lagrange type functional
equation, Int. J. Math. Stat. 2008; 3(A08):36-46.

Ravi K, Narasimman P. Generalized Hyers-Ulam
stability of radical reciprocal-quadratic functional
equation, Indian J. Sci. Tech. 2013; 6(2S3):121-125.

Ravi K, Rassias JM, Sandra Pinelas, Narasimman P. The
stability of a generalized radical reciprocal-quadratic
functional equation in Felbin's space, PanAmerican
Math.Journal. 2014; 24(1):7592.

Rassias TM. On the stability of linear mapping in Banach
spaces, Proc. Amer. Math.Soc. 1978; 72:297-300.
Rassias TM. Functional Equations, Inequalities and
Applications, Kluwer Acedamic Publishers, Dordrecht,
Bostan London, 2003.

Ulam SM. Problems in Modern Mathematics, Chap. VI,
Science Ed., Wiley, New York, 1964.

Xu TZ, Rassias JM, Rassias MJ, Xu WX. A fixed point
approach to thestability of quintic and sextic functional
equations in quasi-B-normed spaces, J. Inequal. Appl.
Article ID 423231. 2010; 2010:1-23.

Xu TZ, Rassias JM. Approximate septic and octic
mappings in quasi- f—normedspaces, J. Comp. Anal.
Appl. 2013; 15(6):1110-11109.

~ 1~



